
JOURNAL OF THERMOPHYSICS AND HEAT TRANSFER
Vol. 6, No. 2, April-June 1992

Diagonal Implicit Scheme for Computing Flows with
Finite Rate Chemistry

Scott Eberhardt*
University of Washington, Seattle, Washington 98195

and
Scott Imlayt

Amtec Engineering, Inc., Bellevue, Washington 98004

An algorithm for solving steady, finite rate chemistry, flow problems is presented. The scheme eliminates
the expense of inverting the large block matrices that arise when species conservation equations are introduced.
This is accomplished by replacing the source Jacobian matrix by a diagonal matrix that is tailored to account
for the fastest reactions in the chemical system. A point-implicit procedure is discussed and the algorithm is
included into the LU-SGS scheme. Solutions are presented for hypervelocity reentry and hydrogen-oxygen
combustion. For the LU-SGS scheme a CFL number in excess of 10,000 has been achieved.

Nomenclature
A = flux Jacobian for f-fluxes
A± = flux-split Jacobian
Af = forward Arrhenius rate constant
B = flux Jacobian for rj-fluxes
B± = flux-split Jacobian
cpi = coefficient of specific heat at constant pressure for

species /
D = diagonal matrix for implicit scheme
ev = vibrational energy
e* = equilibrium vibrational energy
F = convective flux in ^-direction
Fv = viscous flux in ^-direction
F' = TVD flux in the ^-direction
G = convective flux in rj-direction
Gv = viscous flux in 7j-direction
G = TVD flux in the ^-direction
H = enthalpy
h = static enthalpy
/ = Jacobian of grid transformation
Keq = equilibrium constant
kb = backward reaction rate
kf = forward reaction rate
M = Mach number
Mf = molecular weight of species i
n = number of species
p = pressure
Q = vector of conservation variables
R — universal gas constant
RHS = residual (right-hand side) at iteration n
Rf = gas constant of species /
T = gas temperature (translational and rotational)
Tv = vibrational temperature
t = time
U = contravariant velocity in ^-direction
u = velocity in x -direction
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V. = contravariant velocity in ry-direction
v = velocity in y -direction
W = source term for finite rate chemistry
Wi = finite rate source term for species i
wvib = source term for vibrational relaxation
y{ = mole fraction of species i
Z = Jacobian of source term
zw „ = elements of matrix Z
/3 = dissipation parameter
)3C = relaxation parameter for chemistry
y = ratio of specific heats
77 = generalized coordinate
f]f = Arrhenius rate coefficient
0 = Arrhenius rate coefficient
fjL°i = standard state Gibbs free energy of species i
vr = stoichiometric coefficient for reaction r
£ = generalized coordinate
p = density
Pi = density of species i
p(Z) = spectral radius of matrix Z
or(Z) = matrix with spectral radius of matrix Z on the

diagonal
TI = characteristic reaction time for species i
<f> = fuel equivalence ratio

Subscripts and Superscripts
i = index for species
/ = index for ^-direction and species
k = index for ry-direction
n = index for iteration count—superscript
n = index for last species—subscript
r = index for reaction
vib = vibration

Introduction

H YPERSONIC flowfields can be expensive to calculate
when nonequilibrium flow physics must be included.

The expense comes from the need to solve large systems of
equations that include the nonequilibrium relaxation equa-
tions that arise in addition to the usual mass, momentum, and
energy conservation equations. If all chemical species of in-
terest are taken into account, computing three-dimensional
flowfields related to Aeroassist Orbital Transfer vehicles, or
generic transatmospheric vehicles, may be beyond the capa-
bilities of today's computers.

To model flows with finite rate chemical reactions a con-
tinuity equation is carried for each chemical species that oc-
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curs. Some reaction mechanism models can more than triple
the size of the equation set. To make matters worse, there
are often disparate chemical time scales among the species
continuity equations, requiring more rigorous numerical
treatment. Therefore, a method is sought to minimize the
amount of computational work required to solve high-speed,
chemically reacting flowfields.

One of the first attempts to accommodate the numerical
stiffness was presented in a NASA TN by Lomax and Bailey.*
In that work a simple, steady, one-dimensional problem was
solved giving a system of ODEs. The source term, repre-
senting the chemical reaction equations were solved implic-
itly. This leads to a point-implicit numerical scheme where
block matrices must be inverted at each point. In a paper by
Bussing and Murman2 the unsteady, multidimensional equa-
tions modeling reacting flow were solved. Here, the convec-
tion terms were solved explicitly while the chemical source
terms were treated implicitly, as in the Lomax report. Again,
this leads to a costly point-implicit scheme because matrices
are inverted at each point. Although this eliminates the stiff-
ness problem, the cost can be prohibitive for large numbers
of species.

Numerous attempts at coupling finite rate chemistry with
computational fluid dynamics codes have been successful but
expensive. A successful point-implicit procedure has been in-
troduced by Yee and Shinn3 for hydrogen-air chemistry. Gnoffo
et al.4 and Candler and MacCormack5 have solved AOTV-
like flows with coupled chemistry using implicit algorithms.
Dash,6 Shang and Josyula,7 and Widhopf and Wang,8 to name
a few, have concentrated on hypersonic vehicles with similar
success. Many of these simulations are too expensive or too
specialized to be of practical use as a design tool,

Another, and rather clever, attempt at coupling finite rate
reactions to fluid calculations was done by Park and Ypon.9
Their method combines the approximate Jacobian method of
the LU-SGS algorithm of Yoon and Jameson10 with a sim-
plified Park chemical model without ionization. The result is
that only 3 x 3 matrices must be inverted. Unfortunately,
their code is not general in that as more species are added
(ionized species, etc.) the block matrices grow. Their results,
however, do represent a breakthrough because converged
solutions are obtained on 32 x 32 grids within three CPU
minutes on a Cray Y-MP.

In this paper we present an algorithm that uses the LU-
SGS scheme combined with a diagonal algorithm for finite
rate chemistry. The advantage of this approach is that no
matrix inversions are required. First, we describe the diagonal
method in a point-implicit format to illustrate the procedure.
Solutions to the self-similar, conical Euler equations are shown
with comparisons to the Bussing/Murman procedure.

A description of the LU-SGS scheme is then presented
followed by a series of solutions for a variety of hypervelocity
conditions with several accepted reaction models. These so-
lutions are compared against each other and experiments where
applicable.

Finite Rate Equations
Coupling finite rate chemistry and thermal nonequilibrium

into a computational fluid dynamics code can be accomplished
by replacing the global continuity equation with a set of chem-
ical species equations and by adding a vibrational energy
equation. The full, two-dimensional Navier-Stokes equations
in generalized curvilinear coordinates can be written in a com-
pact vector form given by

lustration. A complete description of the other terms can be
found in Refs. 5 and 11.
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The first n rows of the equation correspond to the species
conservation laws. It is the expansion of the global mass con-
servation law into n species conservation laws that gives rise
to a significant increase in computational effort and is the
motivation for the numerical scheme proposed here. The two
following rows, n + 1 and n + 2, correspond to the x- and
y-momentum conservation laws, respectfully. The second to
last equation expresses total energy conservation. In some
calculations we have included the last equation, a vibrational
energy conservation equation, to simulate thermal nonequi-
librium. In the equations u and i; are the two Cartesian ve-
locities, Pi are the species densities, p is the global density,
i.e.

= 2 ft
e is the total energy per unit volume and ev is the vibrational
energy per unit volume. The terms wf represent the produc-
tion or reduction of a species due to chemical reactions; wvib
is the vibrational energy relaxation forcing function.

A generalized curvilinear coordinate system is used giving
rise to a grid Jacobian / given by

and contravariant velocities U and V

U =
V =

(4)

(5)
J]yV

The system of equations is closed by introducing an equation
of state for pressure p. Here, we make use of Dalton's law
so pressure is given by

(6)

where Mf- is the molecular weight of the ith species, and R is
the universal gas constant. The static temperature of the mix-
ture T is backed out from the definition of total energy

+ + , , =
dt drj

where Q are the conservation variables, F and G are the
convective fluxes, Fv and Gv are the viscous fluxes, and W
are the production and reduction rates for the nonequilibrium
processes. The vectors g, F, and W are written here for il-

V Pi R\T e l
- TT I T = - - ~ I

P
(7)

where cp, is HIRtT and is obtained as a function of temper-
ature from the JANAF tables12 or the polynomial fits by Esch
etal.13
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Details of the viscous terms are not presented here in the
interest of brevity, although a procedure similar to that used
by Candler and MacCormack5 is used for the air-dissociation
calculations. The vibrational relaxation scheme is a simple
Landau-Teller model.

Source terms for species production and reduction are pre-
sented in the Appendix.

The goal of the algorithm is to make calculations of flows
in thermochemical nonequilibrium more efficient, given the
limitations of today's computers. The algorithm has been ap-
plied to one-, two-, and three-dimensional in viscid and viscous
flows. The details of the physical modeling are not important
to understanding the diagonal algorithm, so no attempt is
made to justify or discuss the details of the particular models
we use.

Point-Implicit Procedure
The diagonal algorithm is an approximate Newton method

with a diagonalized source Jacobian matrix. First, in this sec-
tion, the method is described for a point-implicit scheme. In
a later section, a fully implicit algorithm is described. In the
point-implicit method the chemical source terms are solved
implicitly, whereas the convective fluxes are solved explicitly
using Roe's first-order scheme,14 the Harten-Yee second-or-
der TVD scheme,15 or the Steger-Warming scheme.16 In ad-
dition, the scheme has been applied to the Yee and Shinn,
TVD-MacCormack, point-implicit scheme.3

For illustration we will use finite difference terminology,
although the implicit procedure has been introduced into both
finite difference and finite volume codes. An explicit scheme,
in one-dimension, can be written

= er1 - QI = -^ p^"2^'-"2 - w»] (8)

where F are the fluxes defined by the finite difference algo-
rithm.

The numerical method presented here does not alter the
explicit part of the algorithm so it will be denoted by RHS,
i.e

Ax (9)

The point-implicit approach is introduced to solve the source
term implicitly, i.e.:

(10)

Following a simple linearization of the source term, i.e

Wj + l = W? + Z;A£> + C(A<22) (11)

where Z is the Jacobian matrix of the source term W, (Z =
dW/dQ, and is given in the Appendix) we can write a point-
implicit algorithm

[/ - AfZ;]AG = -&RHS" (12)

This method, used by Bussing and Murman,2 eliminates the
stiffness problem and allows the solution to be updated with
a A/ dictated by the CFL condition. The difficulty comes when
the number of species is large because inverting [/ - AfZy]
becomes expensive. The technique outlined here approxi-
mates this matrix by a diagonal matrix for which no inversion
is required. The elements of the new diagonal matrix repre-
sent the rate of production, or reduction, of a particular spe-
cies from its fastest reaction. An explanation of this step will
become clearer in the following discussion.

Upon examination of the elements of Z and zm>n, it is found
that each is proportional to the reaction times of all reactions
in which both species m and n participate. If we take the
limiting case of one fast reaction, involving species m and n,
compared to many slow reactions, then zm>n can be approx-
imated by the one fast reaction. The essence of the standard
point-implicit algorithm is that the matrix preconditioner scales
the chemical time steps to accommodate these fast reactions.
Our intention is to replace Z by a diagonal matrix with the
spectral radius of Z along the diagonal, i.e.

(13)

to achieve the same goal. For our example of the limiting
case, this makes the new matrix proportional to the fastest
reaction rate. Of course, this amounts to nothing more than
rescaling Af so the scheme will be explicitly stable. In effect,
the scheme underrelaxes the chemical source term.

Finding the eigenvalues, and, thus, the spectral radius for
Z exactly can be difficult, so rather than using the spectral
radius, we choose to use the 2-norm of Z. This gives a con-
servative estimate for the spectral radius p(Z).

Returning to the example of the limiting case of one fast
reaction and many slow reactions it is found that all reactions,
fast and slow, are underrelaxed with this procedure, thus,
slowing down convergence. Some species may only be in-
volved in slow reactions and do not need to be underrelaxed.
Therefore, the diagonal elements are instead found by com-
puting the 2-norm of the elements zm n along each row, sep-
arately. Thus, each of the species, and the momentum and
energy equations, are relaxed at appropriate time steps. Spe-
cies that are only catalysts, or are inert are then updated with
a time scale suitable for the fluid. We write our point-implicit
algorithm as follows:

(14)= Ag = -&RHS"

where rf is the characteristic time for the production, or re-
duction, of species / and is found from the 2-norm of row i
of matrix Z.

The method is simple and is easy to program because the
information required to compute r, is all contained in the
calculation for HV, the explicit source term, which is shown in
the Appendix. The approximation made does not affect the
steady-state solution because the residual operator RHS goes
to zero and the implicit operator is irrelevant. Also, it is
independent of the particular algorithm used to calculate RHS.
The primary disadvantage is that the scheme is unsuitable for
time-dependent problems.

One other "trick" that is used is to recognize that any time
scale shorter than the time a fluid particle travels one cell can
be considered to be a subgrid time scale. These subgrid time
scales cannot and need not be resolved. Therefore, we can
artificially reset the Damkohler number such that a fast re-
action reaches equilibrium in one cell and not in, say, 1/1000
of a cell. A Damkohler number of one will allow the reaction
to reach approximately 1/e of the final state. We use a
Damkohler number of ten. Lower values will smear the shock
slightly for equilibrium reactions. Such a procedure serves the
same purpose as using an average temperature such as rec-
ommended by Oran and Boris.17 Note that this procedure
must be used for both the diagonal and the full Jacobian,
point-implicit algorithms, so it is not unique to the method.

Point-Implicit Method Results
To illustrate the point-implicit method we start with the

conical flow equations. This self-similar problem is useful for
solving steady, high Mach number flows in one dimension.
In this example a five-species, 21-reaction model of Wray18

is used. Note that an independent reaction is considered for
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each collision partner in a dissociation reaction. For compar-
ison, the block-inversion method has also been tested. Note
that for the block-inversion method a full 8 x 8 matrix is
inverted.

Converged solutions for the diagonal algorithm and the full
block-inversion algorithm are identical. Figure 1 is a plot of
a radial line away from a cone at 54 deg in a Mach 20 flow
for the diagonal algorithm (results for the full block-inversion
algorithm are not shown because the results are identical).
The freestream pressure is 100 N/m2 and the temperature is
270 K. The computation required for the diagonal algorithm
was almost a full order-of-magnitude less than the full Jaco-
bian, point-implicit method. Simulations were run with Cour-
ant numbers approaching the explicit limit for the flux terms;
i.e., 0.8. These solutions are on a coarse, 18-point mesh. Note
that the residual operator, the two-norm of the right-hand
side, is identical for both cases so the converged solutions
should be identical.

Figure 2 is the convergence history comparing the CPU
time needed for the diagonal algorithm versus the block-in-
version method. These times are CPU seconds on a Dec-
Station 2100. Note that this is the only comparison of work
between the diagonal algorithm and the block-inversion method
because the block-inversion method becomes too expensive
for multidimensional calculations on the DecStation 2100.

Experience with the point-implicit diagonal scheme indi-
cates that it works with any choice of algorithm for the con-
vective fluxes and that it is more robust than the block-in-
version approach. This latter result at first came as a surprise
but it is believed that the diagonal method underrelaxes the

10

0.950 0.975 1.000
Theta
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Fig. 1 Species mass fraction from diagonal point-implicit method.

Full Jacobian

O.OOOOEO 2.5000E3 5.0000E3 7.SOOOE3 1.0000E4 1.2500E4
CPU Time

Fig. 3 Cylinder in N2/N, Mach 6.13 flow: top— from Hornung20;
bottom — from diagonal LU-SGS calculation.

source term so it is more forgiving of the strong nonlinearities
inherent in reacting flows. It is again stressed that the steady-
state solution will be dependent on the right-hand side and
the modeling used there. The diagonal method only speeds
the relaxation to steady state.

LU-SGS Method
The addition of the diagonal method for finite rate chem-

istry is ideally suited to the LU-SGS scheme of Yoon and
Jameson.10 A review of Yoon's and Jameson's algorithm for
two-dimensional calculations will demonstrate the motivation
for combining the finite rate chemistry with LU-SGS. Yoon
and Jameson define a flux splitting based on the spectral
radius of the flux-Jacobians, i.e. define

A± = B± = (15)

Fig. 2 Residual history vs CPU time on a DecStation 2100.

where A is the flux- Jacobian of F (A = SF/dQ), and B is the
flux- Jacobian of G. cr(A) is an identity matrix with the spectral
radius of A on the diagonal. j8 is a dissipation parameter whose
value is typically selected between 1.5 and 2.

A first-order, implicit, upwind differencing scheme can be
written

(16)= RHS
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Table 1 Summary of LU-SGS simulations

Reaction
Run

1
2
3
4
5
6
7
8

Mach # model
6.13 N2-N
6.13 N2-N
6.13 N2-N
6.13 N2-N
6.13 N2-N
6.13 N2-N
6.13 Wray
6.13 Park

Grid size Algorithm
22 x 22 Steger- Warming
34 x 34 Steger- Warming
50 x 50 Steger-Warming
22 x 22 Roe
34 x 34 Roe
50 x 50 Roe
22 x 22 Steger-Warming
22 x 22 Steger-Warming

Table 2 CPU time summary

Run
1
2
3
4
5
6
7
8

Total CPU
iterations time

3000 190
3000 347
5000 1048
3000 171
3000 313
5000 981
3000 370
9400 1501

12500 -

T(K) ;
10000 -

i,'
7500 - 1

'!
'• / 1

5000 - j i

< I

2500 - / /•_._ili'

0 ' . . . ! . .
-0.0325

CPU— Iterations—
L2drop 10-6 10~6

11.55 116 1730
6.69 329 2710
8.21 770 3675

12.30 84 1465
7.24 253 2425
7.88 692 3715

10.77 230 1865
6.00 1501 9400

V
\\̂

•i •.!

A
I'~_ 22x22 grid
I I 34x34 grid
ZZ 50x50 grid

-0.0300 -0.0275
X (meters)

Just as in the case of the point-implicit method discussed
earlier, this implicit procedure can be applied to any explicit
procedure on the right-hand side. The trick is that the terms
(-A& + A&) and (-«£ + B+k) give fia(A) and
respectively. Thus, the algorithm can be rewritten

(17)RHS=

In this form a lower-upper decomposition of the operator is
simple and the result is

[D-

[D

where

D = (18)

The algorithm is stable as Af-» oo and involves no block matrix
inversions. For a two-dimensional, ideal-gas calculation we
have found that the additional CPU time required to run LU-
SGS is only about 10% greater than the time required to run
our explicit, second-order Harten-Yee scheme per iteration.
With the implicit time-stepping, however, converged solutions
can be obtained in far fewer iterations.

If we now include finite-rate chemistry into the LU-SGS
procedure the steps taken are the same except that the di-
agonal element D changes to reflect the source Jacobian Z.
The matrix D is given as

D = (19)

Fig. 4a Grid sensitivity study for Hornung case using Steger-Warm-
ing fluxes in diagonal LU-SGS scheme—temperature.

and is no longer diagonal because Z is a block matrix. The
advantage of the LU-SGS scheme has been lost. The diago-
nalization procedure described in the previous section for the
point-implicit method is easily adapted to the LU-SGS scheme.
We replace Z by its equivalent diagonal matrix, i.e.

D = / + + a(B)) + DIAG — (20)

-0.0325 -0.0300 -0.0275
X(meters)

Fig. 4b Grid sensitivity study for Hornung case using Steger-Warm-
ing fluxes in diagonal LU-SGS scheme—N-N2 concentrations.

12500

T(K)

10000

-0.0325 -0.0300 -0.0275
_________X (meters)

Fig. 5 Hornung case using Roe's flux-splitting in diagonal LU-SGS
scheme.
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which again leaves us with no block matrices to invert.
The greatest savings will be achieved when large systems

of equations are used; such as for the Park reaction model19

will 11 species and a vibrational energy equation. Without the
diagonal method, 12 x 12 matrices would have to be inverted.

LU-SGS Results
A series of calculations have been performed for hyper-

velocity, nonequilibrium flows. A three-dimensional code,
HANA, has been produced that uses the LU-SGS relaxation
procedure in conjunction with a Steger-Warming, Roe, or
Harten-Yee scheme. The code allows reaction models and
species to be specified from an input file. Thermal-nonequi-
librium and a K - e turbulence model are included. (Note
that the diagonal procedure has also been applied to the K -
e turbulence model to retain a diagonal system.) Because
HANA is a full three-dimensional code, two-dimensional and
axisymmetry are attained by solving a three-dimensional slice
five grid cells wide. This will manifest itself in more moderate
performance in terms of CPU time. The following results are
obtained using HANA on a Cray X-MP.

The first series of results are for code validation. They
represent a cylinder in a Mach 6.13 flow of pure nitrogen at
a freestream temperature of 1833 K. The experimental work
of Hornung20 is used to validate the results. Figure 3 is a
comparison of our calculation with the experiment. The agree-
ment of the shock location between the experiment and nu-
merical simulation demonstrates that the nonequilibrium
chemical and thermodynamic models are correct for this ap-
plication and that the diagonal algorithm correctly converges
to the proper solution. The runs and reaction models pre-
sented for this application are summarized in Table 1 and the
flow is assumed to be inviscid.

A grid resolution study shows that the code converges well
and the details around the shock wave become more refined
as the grid is refined. Figure 4a is a plot of temperature and
vibrational temperature along the stagnation line for three
grid resolutions, 22 x 22, 34 x 34, and 50 x 50 using the
Steger-Warming algorithm (runs 1-3). Figure 4b shows N and
N2 concentrations.

The 22 x 22, 34 x 34, and 50 x 50 calculations have been
run using Roe's scheme and stagnation line temperatures are
shown in Fig. 5 for comparison.

To illustrate the effects of the number of species on the
computational costs the same calculation, with a 22 x 22 grid,
was run using Wray's species and Park's 11 species model but
with only N2 and N present in the freestream. The CPU time
for these runs are recorded in Table 2. The CPU time listed
in column 3 is the total time in seconds taken to reach the
number of iterations in column 2. The corresponding drop in
the two-norm of the residual operator is listed in column 4.
iPrint || Iobb.pll2 || M=15 Lobb's Ideal, Equi, Wray, Wray Thermal, Park

0.5
X/R

Columns 5 and 6 are the CPU time and number of iterations
taken to reach a 6-order-of-magnitude drop in the two-norm,
respectively.

Recall that the code is fully three-dimensional, so the two-
dimensional calculations actually use five cells across to achieve
a single plane of data. An optimized two-dimensional cal-
culation would be significantly cheaper to run.

Two additional validation calculations are shown that com-
pare solutions generated with HANA to experimental results.
These two comparisons test larger, more complex reaction
models than the previous calculations. The first is a compar-
ison of the computed and experimental shock detachment
distance from the flow about a sphere in hypervelocity air.
The experiment is from Lobb.21 Both a two-temperature Wray
model and Park model were used for the calculation. Because
ionization is negligible, both solutions are effectively identical
and in excellent agreement with the experiment. Figure 6
shows the computed shock location, which lies on the three
data points obtained from the Lobb experiment. The second
validation shows a comparison of the computed shock de-
tachment distance to a sphere fired in a combustible mixture
of hydrogen/oxygen and hydrogen/air. The experimental data
are from Lehr.22 Figures 7a and 7b again show the excellent
agreement obtained from the computations.

Finally, a three-dimensional calculation is performed for
conditions selected to model the AFE (Aeroassist Flight Ex-
periment). The flow is at Mach 33 and the freestream density
and pressure simulate an altitude of 75,155 meters. The cal-
culation uses the two-temperature Park model. Translational
temperature, vibrational temperature, diatomic oxygen, and

0.0000 0.0050 0.0100 0.0150 0.0200 0.0250 0.0

Fig. 7a Predicted shock location of a sphere in H2/O2 mixture com-
pared to the experiment of Lehr.

| Lehr1* experiment

0.0000 0.0050 0.0100 0.0150 0.0200 0.0250

Fig. 6 Predicted shock location for Mach 15 flow about a sphere Fig. 7b Predicted shock location of a sphere in H2/air mixture corn-
compared to the experiment of Lobb. pared to the experiment of Lehr.
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Translational-Rotational Tamperatura

0.000 0.050 0.100 0.150 0.200

Fig. 8a Translational temperature contours along symmetry plane
for Mach 33, AOTV using Park model.

Electron Mass Fraction

0.000 0.050 0.100 0.150 0.200

Fig. 8d Electron mass fraction contours along symmetry plane for
Mach 33, AOTV using Park model.

Vibrational Temperature

0.000 0.050 0.100 0.150 0200

Mass Fraction along Stagnation Line

Fig. 8b Vibrational temperature contours along symmetry plane for
Mach 33, AOTV using Park model.

O, Mass Fraction

Fig. 8c O2 mass fraction contours along symmetry plane for Mach
33, AOTV using Park model.

electron mass fraction contours are shown in Figs. 8a-8d,
respectively. Figure 9 is a plot of species mass fractions along
the stagnation line for both the Park model and the Wray
model. The grid used in these calculations uses 167,000 points

Fig. 9 Species mass fractions along stagnation streamline for Mach
33, AOTV using Park and Wray model.

and a converged solution took 26 hours on a Cray Y-MP for
the Park model.

In some cases a CFL number of 10,000 has been reached.
Generally, the solution procedure must start at a more mod-
erate CFL number to ease the transient behavior. However,
the CFL number is quickly ramped up to large values without
a loss in stability.

Conclusions
An approximate Newton method is introduced for solving

reacting flows. The algorithm eliminates the stiffness problem
associated with finite rate chemistry without adding the extra
cost of inverting large matrices. The algorithm has seen ex-
tensive use on a variety of reacting flow problems with a
selection of explicit flux algorithms and reaction models. The
method is robust and achieves the goal of making three-di-
mensional, reacting flow calculations possible.

Appendix
The species production term due to chemical reactions is

found using an Arrhenius rate equation for the forward re-
action. The reverse reaction rate is obtained by making use
of the equilibrium condition. The production rate terms wn
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are given as

= Mn % (vfr - v?) 0 (Al)

where the index r refers to a specific reaction, the index i
refers to a specific species, whose mole fraction is given by
yi9 and kf is the forward rate constant given by

kf = ' (A2)

Af, j)f, and 6 are the three Arrhenius coefficients. T is the
temperature. Note that for Park's two-temperature model, T
is taken to be VTTv^b to account for thermal nonequilibrium
effects of the flow. The reverse reaction rate kb is found by

and Kcq is

- Z »JWR,T
(A3)

In the above equations, v are the stoichiometric coefficients
for the reactions, jxf is the standard state Gibb's free energy
of species /.

The Jacobian term can be computed analytically or nu-
merically. The analytical expression for the terms involving
the species equations only gives

t .""

For the diagonal approach we have made the assumption that
the terms involving dkf/dyn and dkb/dyn are unimportant and
so have been neglected.

If only the species terms are involved the normal point-
implicit procedure would involve the inversion of the follow-
ing matrix:

z = ̂  =

dpi dp2

dpi dp2
dW3 dW3

dpi dp2

dW,

dW2 dW2

(A5)

In the diagonal method this matrix is replaced by

- 0 0

o I o
0 0 -

0 0 0

0

0

0
(A6)

where

and pc is a relaxation parameter greater than one.

r / \ 2n

£-*?&)
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